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ABSTRACT 
The icosahedra boron chain and three icosahedra sheets (with α, δ4, and δ6 symmetries), 
constructed by the icosahedra B12, have been obtained as new members of boron family using a highly 
efficient molecular dynamics scheme based on a transferable and reliable semi-empirical Hamiltonian.  
The icosahedral B12 in the icosahedra chain is slightly elongated along the china direction and directly 
bonded each other with the two-center covalent bonds. A deformation of the icosahedra B12 was also 
found in the two-dimensional icosahedra sheets. In addition to the three-center bonding nature inside 
the icosahedra B12, there are two types of directional inter-icosahedra bonds in the icosahedra sheet 
structures, one is the single strong covalent bond, and the other is a pair of the weak covalent δ bonds.  
In contrast to the boron monolayer, there is no buckling found in these icosahedra sheets. The 
deformation of the icosahedra B12 and the special bonding nature in these new icosahedra structures 
induce the energy band gap of 0.74 eV in the icosahedra chain, 0.52 eV in the icosahedra δ6 sheet, 0.39 
eV in the icosahedra δ4 sheet, and the gapless in the icosahedra α sheet, respectively.  The energy 
barrier per atom from the icosahedra δ6 sheet to the icosahedra α sheet is estimated to be 0.17 eV while 
it is estimated as 0.38 eV from the icosahedra δ6 sheet to the icosahedra δ4 sheet and 0.27 eV from the 
icosahedra α sheet to the icosahedra δ4 sheet, respectively. Such high energy barriers indicate that 
these icosahedra sheets are relatively stable. 
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I. INTRODUCTION 
Recently, researches on boron based materials have tremendously increased in the experimental 
synthesis and the computational modeling. The most interest on boron is due to the fact that it is a 
trivalent element (i.e., three valence electrons shearing four valence orbitals). Such electron-deficiency 
makes boron complicated in forming chemical bonds. It possesses the tendency to form either strong 
directional covalent bond or the three-center and two-electron bond. Therefore, analog to its neighbor 
element (carbon) in the periodic table, boron have various allotropic structures. The linear, planar, 
quasi-planar, convex, ring, and icosahedra structures are found in the small size of boron clusters [1-
10]; the cage- and fullerene-like structures [11-17], as well as compact clusters [18-20] are postulated 
in the intermediate size of boron clusters. Meanwhile, the tubular and monolayer sheet structures have 
been predicted [21-26], and the stable pure boron crystalline  structures including the rhombohedra α-
B12, β-B106, and γ-B28  phases (referred as α-B, β-B, and γ-B, respectively), as well as boron nanowires 
have recently been successfully synthesized [27-36]. Associated with such quick development in 
discovering boron allotropes, one of the remaining interest questions is: are there any other allotropic 
structures of boron unexplored?  If yes, are the new allotropic structures interest and useful in the 
applications to the nanotechnology such as nanoelectronics, optics, and sensors?  In this paper, we will 
take the challenge to answer these questions. We are interested in exploring the new nanostructures 
analogue to the boron crystalline structures. Our motivation is based on the fact that the boron 
crystalline structures, especially the α-B in the ambient condition, are the most stable structures among 
boron allotropes [29] with various interesting chemical and physical properties, and structures 
analogue to the crystalline structures are expected to maintain the basic crystal properties.  
To find such nanostructures, we considered the crystal structure of α-B as the benchmark. The 
structure of the α-B is build up with the icosahedra B12 located at each vertex of the rohmbohedron, 
and each icosahedra B12 is strongly and directly bonded to its neighbors making the α-B boron the 
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most stable. This special structure demonstrates that even though an isolated icosahedra B12 is found to 
be energetically unstable compared to the energetically favored quasi-planar B12 or the ring B12 cluster, 
the aggregation of the icosahedra B12 however, has shown to have the possibility to form stable 
polymorphs if such polymorphs are capable of forming the strong two-center covalent bonds between 
the icosahedra B12. Stimulated by such considerations, we propose to construct the new boron 
allotropic structures using the icosahedra B12 as the building block (referred as the icosahedra 
structures). Through a systematic molecular dynamics simulations we have discovered four interesting 
boron icosahedra structures, the icosahedra chain and three icosahedra sheets (referred as the 
icosahedra α, δ4, and δ6 sheets, respectively).  These novel icosahedra structures are found to be 
structural and energetically stable and exhibit interesting chemical bonding nature and electronic 
properties. Especially, different from the α-B which has six strong two-center and twelve weak three-
center inter-icosahedra bonds, the inter-icosahedra bonds in the icosahedra sheets are all directional 
two-center covalent bonds. Furthermore, the icosahedra δ6 sheet, analogue to the surface structure 
along one of the rhombohedra face of the α-B, has been found to be more stable among the new 
icosahedra structures and is expected to be synthesized easily (e.g., cutting from the α-B). We have 
also found that theses icosahedra structures, except the gapless material of the icosahedra α sheet, 
exhibit semiconducting nature with the calculated energy band gap in the range of 0.39-0.74 eV, 
providing the possible applications for nanoelectronics. The modeling method that we employed in 
present work is based on a highly efficient semi-empirical Hamiltonian, referred as SCED-LCAO [18, 
37, 38]. A detail description of our modeling using this approach will be given in section II.  The 
results and discussions will be presented in details in section III.  The possible pathways to synthesize 
these icosahedra sheet structures are also discussed in section III. Finally, the significant features of 
these novel icosahedra structures are summarized in the conclusion (section IV). 
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II. MODELING  
    The semi-empirical SCED-LCAO Hamiltonian (i.e., the self-consistent and environment dependent 
semi-empirical Hamiltonian in the framework of the linear combination of the atomic orbitals) based 
molecular dynamics simulation scheme, developed by the condensed matter physics group at 
University of Louisville [37, 38], has been employed in this study. The detail description for the 
SCED-LCAO Hamiltonian and its various applications for B-, C-, Si- and Ge-based nano-materials 
have been reported in Refs [18, 37-44]. The most advantageous feature of the SCED-LCAO 
Hamiltonian, compared to other existing semi-empirical Hamiltonians, is that it has a framework to 
allow the self-consistent determination of charge-redistribution and the inclusion of the environment-
dependent multi-center interactions on the same footing. These are two key ingredients for an 
appropriate description of bond-breaking and bond-forming processes that play dominant roles in the 
structure reconstruction of complex systems. Furthermore, an environment-dependent excitation 
orbital energy term has been included in the SCED-LCAO Hamiltonian to take into account the effect 
of the atom aggregation on the atomic orbital energy within the minimum orbital basis [18]. Such 
semi-empirical Hamiltonian for boron has shown its capability to characterize the complex chemical 
properties of the trivalent boron element and capture various bonding natures (e.g., the two-center and  
the three-center bonds) in the allotropes of boron including the small Bn (n = 2-24) clusters with the 
linear, planar, qausi-planar, convex, icosahedra and ring structures, the isotropic B80 buckyballs with 
Ih, Th, and C2h symmetries,  the monolayer sheets  with the buckled δ6, the buckled α, and the flat δ4 
symmetries, and the rhombohedra structure of the crystalline α-B (see details in Ref. [18]).  It has also 
been applied to study the compact boron clusters Bn (100 < n < 800) [18]. Such successful testimonies 
and applications demonstrate that the SCED-LCAO Hamiltonian for boron is transferable, reliable, 
and has the predict power. Therefore, in this work we will adopt this SCED-LCAO Hamiltonian to 
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perform a comprehensive molecular dynamics study to explore the low dimensional boron icosahedra 
structures.  
    The low-dimensional icosahedra structures were constructed based on the structure of the α-B. As 
shown in Fig. 1(a), the structure of α-B has rhombohedra symmetry characterized with the lattice 
parameters of 0a  (the lattice constant) and α (the apex). Each icosahedra B12 in the α-B has six 
covalent bonds (i.e., two-center inter-icosahedra bonds) bonded to atoms of its six nearest neighbor 
(NN) icosahedrons, indicated by binter in Fig.1 (a). As founded from the experiments [32], the inter-
icosahedra bonds binter (~1.71 Å [32, 33]) are slightly shorter than the three-center bonds between 
boron atoms inside the icosahedra B12  (referred as the intra-icosahedra bonds bintra in Fig.1 (a) which is 
in the range of 1.73 - 1.79 Å [32]). The interatomic distance (indicated by d in Fig. 1 (a)) between the 
icosahedra B12 and the atoms of its next nearest neighbor (NNN) icosahedra B12 is longer than the two-
center inter-icosahedra bond (~2.03 Å [32]). The one-dimensional icosahedra structure (referred as 
icosahedra chain) is then built up by a linear truncation of the α-B along one of its the lattice vectors 
(see Fig. 1 (b)) with the lattice constant of a. The two-dimensional icosahedra structures, on the other 
hand, are constructed with the icosahedra B12 placed on the plan. Namely, the icosahedra δ6 sheet has a 
triangular symmetry (see Fig. 1 (c)).  It can be obtained by a plan truncation of the α-B along one of its 
rhombohedra faces and the lattice vectors of its primary unit cell are the two of the lattice vectors of 
the α-B along this face with the lattice constant of a. The icosahedra α sheet is then constructed by 
removing one icosahedra B12 and creating one hexagonal hole from the 3x3 unit cells of the icosahedra 
triangular δ6 sheet (see Fig. 1 (d)), and the icosahedra sheet δ4 is constructed by removing one 
icosahedra B12 and creating one hexagonal hole from the 2x2 unit cells of the icosahedra triangular δ6 
sheet (see Fig. 1 (e)). The notation of these icosahedra sheet symmetry follows the same notation for 
monolayer boron sheets defined in Ref [45]. Different from the icosahedra triangular δ6 sheet, in the 
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icosahedra α sheet there are three types of the icosahedra B12 with different numbers of the single 
covalent inter-icosahedra bonds and the pairs of the inter-icosahedra δ bonds (referred as Type A, B, 
and C in Fig. 1 (d)). Type A of the icosahedra B12 has four single inter-icosahedra bonds and two pairs 
of the δ bonds, similar as in the case of the icosahedra δ6 sheet, type B of the icosahedra B12 has three 
inter-icosahedra bonds and two pairs of the δ bonds, and type C of the icosahedra B12 has four inter-
icosahedra bonds and one pair of the δ bonds, respectively. In the icosahedra δ4 sheet, on the other 
hand, there are two type of the icosahedra B12 with different numbers of the single inter-icosahedra 
bonds and the pairs of the inter-icosahedra δ bonds (referred as Type A and B in Fig. 1(e)). Type A has 
only four single inter-icosahedra bonds, and type B has two single inter-icosahedra bonds and two 
pairs of the δ bonds, respectively. These low-dimensional icosahedra structures are then fully relaxed 
using the molecular dynamics version of the SCED-LCAO method. The time step in the molecular 
dynamics simulations was set to be 1.2 fs and the force criteria for a fully relaxation process was set to 
be less than 10-2 eV/Å.  
     In the meantime, we also employed the density functional theory (DFT) based VASP package [46] 
to further validate existence of the new low-dimensional icosahedra structures obtained from the 
SCED-LCAO method.  The Vanderbilt Ultra-soft pseudo-potential [47, 48] was used to describe 
interaction between the core and the valence electrons, and the GGA PW91 version [49] of 
approximation was used for the exchange-correlation energy. To ensure the convergence of the total 
energy, the cut-off energy for the plane wave basis set was taken to be 321.5 eV, and several sets of k 
points were taken according to the Monkhorst-Pack scheme (i.e., 1x1x6 for the icosahedra chain, and 
5x1x5 for the icosahedra sheets, respectively). A vacuum region (15 Å) was chosen to ensure that 
there was no interaction between the periodic icosahedra chains or sheets. The structural relaxation in 
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VASP calculations was performed using C.G. algorithm with the force criteria to be less than 10-3 
eV/Å. 
III. RESULTS AND DISCUSSIONS 
      As a benchmark, we first calculated the structural properties of the α-B. The optimized lattice 
parameters for α-B from both the SCED-LCAO method [18] and the DFT method [46] are a0 = 5.058 
Å and α = 57.850, in good consistent with the experimental measurements (a0 = 5.057 ± 0.003 Å and α 
= 58.06 ± 0.050) [32, 33]. The icosahedra chain and sheet structures are then optimized by scaling their 
lattice parameter a to the optimized lattice constant a0 and relaxing them for giving a value of a. 
Obtained relative energy as a function of the ratio of a/a0 for these icosahedra structures is shown in 
Fig. 2 (a)-(d). The relative energy is defined to be the total energy per atom of the concerned system to 
that of the fully relaxed icosahedra δ6 sheet at its equilibrium. Apparently, the relative energy obtained 
from the SCED-LCAO method are consistent with that obtained from the DFT results (see the insets 
of Fig. 2 (a)-(d)) both in the shape of the curves and in the energy order among these icosahedra 
structures). Optimized lattice constant for the icosahedra chain (Fig.2 (a)) is 5.349 Å (5.297 Å in DFT) 
which is about 5.7 % larger than that of the α-B. On the other hand, the optimized lattice constants for 
the icosahedra α and δ4 sheets (Fig.2 (b) and (c)) are the same as 5.007 Å (5.058 Å in DFT), and the 
optimized lattice constant for the icosahedra δ6 sheet (Fig.2 (d)) is 4.957 Å (4.932 Å in DFT) which is 
about 1.9 % smaller that of the α-B.  
Fig. 2 (a)-(d) shows that energetically, the icosahedra δ6 sheet is the lowest in energy among these 
icosahedra structures, followed by the icosahedra α sheet and the icosahedra δ4 sheet.  The icosahedra 
chain is highest among them. This is because in the icosahedra δ6 sheet, each icosahedra B12 is bonded 
to its six neighbors located at the vertex of a hexagon, four of them are bonded in the form of the 
single directional covalent bonds, and two of them are bonded with the pair of the δ bonds (see Fig. 1 
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(c)). Therefore, there are totally eight inter-icosahedra bonds. While, in the case of the icosahedra α 
sheet, even though the type A icosahedron (in Fig. 1 (d)) has the same bonding nature as that in the 
icosahedra δ6 sheet, the types B and C lose one icosahedra B12 neighbor due to the existence of the 
hexagonal holes.  The icosahedra B12 near the hexagonal holes have either seven inter-icosahedra 
bonds (the type B in Fig. 1(d)) or six inter-icosahedra bonds (the type C in Fig.1 (d)). So, it is weaker 
in energy than the icosahedra δ6 sheet. In the case of the icosahedra δ4 sheet, each icosahedron has only 
four inter-icosahedra bonds (type A in Fig.1 (e)) or six inter-icosahedra bonds (type B in Fig. 1 (e)) 
and therefore, it is slightly higher in the energy than both of the icosahedra δ6 and α sheets. Similarly, 
there are only two inter-icosahedra bonds for each icosahedron B12 in the icosahedra chain (see Fig. 1 
(b)), and it has higher energy. We also investigated an icosahedra sheet with the hexagonal symmetry. 
In such system, there are only three neighboring icosahedra B12 units per icosahedra B12 unit with 1200 
degrees.  We found that such type of inter-icosahedra bonding does not fit the preference of the 
icosahedra in the crystalline structures and could not stabilize this icosahedra sheet. As the results, the 
icosahedra B12 units become distorted and rotated to form a corrugated sheet with irregular orientation 
of the icosahedra B12 and lead to the icosahedra sheet unstable. 
The inter-icosahedra bonding nature in the obtained icosahedra sheets is interesting as compared to 
the bonding nature in the α-B. Based on the Longuet-Higgins & Roberts analysis [50], due to the 
electron deficiency in boron, the icosahedra B12 has thirty six valence electrons but forty eight valence 
molecular orbitals. These orbitals include twelve outward-pointing radial orbitals and thirty six orbitals 
within the icosahedron with thirteen bonding and twenty three anti-bonding orbitals. A stable 
icosahedra B12 is then need twenty six electrons to occupy the thirteen bonding orbitals and forming 
three-center two-electron type of bonds inside the icosahedron. The remaining ten electrons have to go 
the twelve outward-pointing orbitals and have the tendency to form bonds with the external 
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neighboring atoms. When the icosahedra B12 aggregate to form α-B, it is found that among the ten 
electrons, six electrons from six vertexes (atoms) of the icosahedron bond to the atoms of its six NN 
icosahedra B12 units forming six directional covalent inter-icosahedra bonds, and the remaining four 
electrons from the other six vertexes (atoms) of the icosahedron participate the formation of the twelve 
weak three-center type of inter-icosahedra δ bonds with atoms of its six NNN icosahedra B12 units.  
Such special and high symmetric bonding nature makes the α-B the most stable in the boron 
allotropes. When the icosahedra B12 units form the two-dimensional structures such as the icosahedra 
δ6 sheet, we found that (1) instead of six electrons participating in the formation of the six covalent 
inter-icosahedra bonds in the α-B, only four electrons (from four atoms of the icosahedra B12) occupy 
the four outward-pointing orbitals and forming four single directional inter-icosahedra bonds with its 
four NN icosahedra B12, namely, there are two dangling bonds at two vertex  atoms; (2) instead of the 
four electrons participating the twelve three-center type of the inter-icosahedra δ bonds in the α-B, the 
four electrons (from other four atoms) occupy the other four outward-pointing orbitals forming the 
two-center type of the inter-icosahedra δ bonds to its two NN icosahedra B12. Such δ bonds always 
appear in pairs, and their bond lengths are about 0.20 Å shorter than that in the α-B, indicating the 
strong interaction between those NN icosahedra B12. Of course, there are two more dangling bonds at 
the remaining two atoms, totally four dangling bonds at the four vertexes of the icosahedron. 
Similarly, there are more dangling bonds in the icosahedra α and δ4 sheets since there are less inter-
icosahedra bonds, and therefore, less stable than the icosahedra δ6 sheet. On the other hand, the 
icosahedra chain has only two electrons participating the two directional covalent inter-icosahedra 
bonds per icosahedron, and the remaining eight electrons stay in the remaining ten uncoupled orbitals, 
leading to its less stable than the icosahedra sheets. 
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The stability and the existence of these optimized low-dimensional icosahedra structures are 
further confirmed by the calculation of their lattice vibration frequencies at their equilibrium. The 
vibration frequency at gamma point, obtained by solving the eigenvalue problem of the force constants 
in VASP, ranges from 216.640 cm-1 to 1136.765 cm-1 for the icosahedra δ6 sheet, from 38.116 cm-1 to 
1159.927 cm-1 for the icosahedra α sheet, from 34.416 cm-1 to 1197.964 cm-1 for the icosahedra δ4 
sheet, and from 43.599 cm-1 and 1187.738 cm-1 for the icosahedra chain, respectively (see the 
frequency density in Fig. 3 (a)-(d)). The positive vibration frequencies indicate that even though these 
low-dimensional icosahedra structures are energetically higher than the α-B (e.g., 0.28 eV/atom for the 
icosahedra δ6 sheet), they could be exist or synthesized under some special condition, such as the high 
pressure or particular means (e.g. etching α-B or laser ablation). Recent experimental report on the 
growth of the crystalline boron nanowires by chemical vapor deposition was found to have the 
orthorhombic symmetry [34], providing the possible way to synthesize the icosahedra structures.  
      The structure properties of these new icosahedra structures were analyzed by examining their local 
structure (see Table 1), the pair-distribution functions (Fig. 4 (a) and Fig. 5(a)), and the angle-
distribution functions (Fig. 4 (b) and Fig. 5 (b)), respectively. Table 1 lists (1) the bond length between 
boron atoms inside the icosahedra B12, bintra, (2) the bond length of the inter-icosahedra bond, binter, 
where the notation S is for the single covalent inter-icosahedra bond, and D, for the pair of the inter-
icosahedra δ bonds, respectively, (3) the number of the covalent inter-icosahedra bonds per icosahedra 
B12, int
S
erN , and (4) the number of the pairs of the inter-icosahedra δ bonds per icosahedra B12, int
D
erN , 
respectively. Note that the total number of the inter-bonds per icosahedra B12 should be the sum of the 
int
S
erN and int
D
erN (i.e., int int int2er
Total S D
er erN N N= + ).  
It can be seen from the Table 1 that the intra-bond bintra in the icosahedra chain (i.e., 1.62-1.75 Å) 
is similar to that of an isolated icosahedra B12 (i.e., 1.61-1.75 Å), but smaller than those of α-B (i.e., 
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1.73-1.80 Å). The covalent inter-icosahedra bonds binter (i.e., 1.76 Å), on the other hand, is about 0.9 Å 
larger than that of the α-B (i.e., 1.67 Å from both the SCED-LCAO and DFT results), indicating the 
weak interactions between the icosahedra B12 units in the icosahedra chain. The first peak in the pair 
distribution functions of the icosahedra chain (black solid curve in Fig. 4 (a)) has similar shape to that 
of the isolated icosahedra B12 (the black dashed curve in Fig. 4 (a)). The shoulder of the first peak 
around 1.76 Å mostly represents the inter-icosahedra bond length. The periodicity of the icosahedra 
chain is characterized by the pronounced peaks at long distances.  The peak around 600 degree 
(describing the triangular nature inside the icosahedra B12) in the angle-distribution function of the 
icosahedra chain (black solid curve in Fig. 4 (b)) is split by several distinguished sub-peaks as 
comparing with the single peak around 600 degree for icosahedra B12 (black dashed curve in Fig. 4 
(b)). Such splitting corresponds to the deformation or symmetry reduction along the chain axis when 
the icosahedra B12 form the chain structure. For instance, the peak around 960 and 1280 degrees come 
from the elongation of the icosahedra B12 unit along the chain axis (see black dotted lines inside the 
structure of the icosahedra chain in the inset of Fig. 4 (b)).  
Different from the icosahedra chain, there are several interesting structural properties found in the 
icosahedra sheets. First, the distribution of the intra-bond length bintra is much wider in the icosahedra 
sheets (e.g., 1.56-1.77 Å in the icosahedra δ6 sheet, 1.56-1.80 Å in the icosahedra α sheet, and 1.59-
1.80 Å in the icosahedra δ4 sheet, respectively) than in the α-B (i.e., 1.73-1.80 Å), indicating a slightly 
deformation of the icosahedra B12. This phenomenon can also be seen from the broadening of the first 
peak in the pair-distribution functions of the icosahedra sheets (see the black solid, the red dashed, and 
the green dotted-dashed curves in Fig. 5 (a)) with respect to that of the α-B (see the black dotted curve 
in Fig. 5 (a)). Second, the single covalent inter-icosahedra bond length binter (S) is similar to that of the 
α-B (e.g., 1.69 Å for the icosahedra δ6 sheet, 1.69 Å (Type A) or 1.69-1.72 Å (Type B and C) for the 
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icosahedra α sheet, and 1.68 Å (Type A and B) for the icosahedra δ4 sheet, respectively), indicating 
that the strength of the interaction between these such icosahedrons is the same as in the α-B. Third, 
the paired inter-icosahedra δ bonds, indicated by (D) in the third column of Table 1, are much 
shortened in the case of the icosahedra sheets (e.g., 1.80 Å in the icosahedra δ6 sheet, 1.82 Å (Type A 
and B) and 1.75 (Type C) in the icosahedra α sheet, and 1.82 Å (Type B) in the icosahedra δ4 sheet, 
respectively) as compared to that in the α-B (i.e., 2.02 Å), indicating the strong interactions between 
these icosahedrons.  That is why the sub-peak round 2.0 Å in the pair-distribution function of the α-B 
disappears in the case of the icosahedra sheets (see the black dotted curve in Fig. 4 (a)).  Furthermore, 
the reason why binter (D) in the icosahedra α sheet is shorter in the type C than in the types A and B is 
that the icosahedra B12 located at the type C position has only one pair of the δ bonds due to the 
existence of the hexagonal hole. Forth, for each icosahedra B12, its number of the single covalent inter-
icosahedra bonds (
int
S
erN , the 4
th column in Table 1) and the pair of the inter-icosahedra δ bonds ( int
D
erN , 
the 5th column in Table 1) depends on the environment of the icosahedra B12 in the sheet, in 
particular, in the cases of the icosahedra α and δ4 sheets.  The above analyses clearly demonstrate that 
the slight deformation of the icosahedra B12, the covalent bonding nature in both the single and pair 
inter-icosahedra bonds, and the shortness of the inter-icosahedra δ bonds in the icosahedra sheets play 
crucial roles in stabilizing the icosahedra sheets. Such symmetry reduction induced bonding nature in 
the icosahedra sheets is again reflected from the broadening of the peaks and the merge of the second 
and the third peaks in the pair-distribution functions (Fig. 5 (a)), the splits of the peak around 600 
degrees in the angle-distribution functions (see Fig. 5 (b)), and the broadening of peak around 1100 
degrees in the angle-distribution functions (Fig. 5 (b)).  
  The complex chemical bonding natures in these low-dimensional icosahedra structures alternate 
their electronic properties as compared to other boron allotropes (e.g., the gapless materials of the 
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monolayer buckled α and δ6 sheets, and the flat δ4-sheets, and the semiconductor materials of the α-, β-
, and γ-B ). Fig. 6 (a)-(d) shows the electronic densities of states (DOS) of these low-dimensional 
icosahedra structures together with that of the α-B. The Fermi energy is presented by the red dashed 
line at zero. Obtained energy gap for the α-B (Fig. 6 (e)) is 1.90 eV which is only about 0.1 eV 
underestimate compared to the optical gap of 2.0 eV measured for the α-B [51].  Calculated energy 
gap for the icosahedra chain, on the other hand, is 0.74 eV, which is smaller than that of the α-B but 
still maintains the semi-conducting behavior. Obtained energy gap for the icosahedra sheet, however, 
strongly depends on the symmetry of the sheet. The icosahedra δ6 and δ4 sheets behave 
semiconducting nature (e.g., 0.52 eV for the icosahedra δ6 sheet and 0.39 eV for the icosahedra δ4 
sheet, respectively). While, the icosahedra α is found to be a gapless material (~0.018 eV). We should 
note that since the calculated the energy gap for the α-B is underestimated by 0.1 eV, the calculated 
energy gaps for the low-dimensional icosahedra structures are expected not to have significant 
underestimate and the conclusion that the icosahedra chain and the icosahedra δ6 and δ4 sheets are 
semiconductor materials is acceptable. 
    One more interesting issue from the synthesis point of view is to find the possible pathways to form 
the icosahedra α and δ4 sheets from the icosahedra δ6 sheet and how much the external energy is 
required to transfer them from one phase to another along the pathways.  To shed light into the 
possible pathways (e.g., from the δ6 phase to α/δ4 and from α to δ4 phases), we modeled such phase 
transition process by gradually removing the icosahedrons out of the sheet plane. The transition from 
the icosahedra δ6 phase to the icosahedra α/δ4 phase is molded by gradually removing four/nine 
icosahedrons from the 6x6 unit cell of the δ6 phase along the direction perpendicular to the icosahedra 
δ6 sheet (see Fig. 7 (a) and (b)). The transition from the α phase to the δ4 phase is molded by gradually 
removing five icosahedrons from the 2x2 unit cell of the α phase along the direction perpendicular to 
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the sheet and moving another three icosahedrons to the hexagonal holes in the sheet plane (see Fig. 7 
(c), respectively. The corresponding energy barriers of such transitions are then estimated from the 
energy difference between the initial stage (e.g., the icosahedra δ6 or α phase) and the final stage (e.g., 
the combined system of the icosahedra α sheet plus four isolated icosahedra B12, or the icosahedra δ4 
sheet plus nine isolated icosahedra B12, or the icosahedra δ4 sheet plus five isolated icosahedra B12, 
respectively). The results are presented in Fig. 7 (d). We found that it will require 0.17eV/atom (~ 
1700 K) to transfer the icosahedra δ6 phase to the icosahedra α phase, and 0.27eV/atom (~ 2700 K) to 
transfer the icosahedra α phase to the icosahedra δ4 phase. But it will require much larger energy 0.38 
eV/atom (~ 3800 K) to transfer the δ6 phase to the δ4 phase. These high energy barriers indicate that the 
transition among these three phases is not easy to happen. In another word, these icosahedra sheets are 
relatively stable and are possible to be synthesized. 
IV. CONCLUSION 
Four new boron allotropic structures have been found. They are the icosahedra chain, the 
icosahedra δ6 sheet, the icosahedra α sheet, and the icosahedra δ4 sheet, respectively. These novel 
icosahedra structures have shown to be structurally and energetically stable. The icosahedra δ6 sheet is 
energetically most stable among these novel icosahedra structures, followed by the icosahedra α sheet, 
the icosahedra δ4 sheet, and then the icosahedra chain. The slight deformation of the icosahedra B12 in 
these new icosahedra structures due to the existence of the dangling bonds leads to the broad 
distributions in the bond length and the angles between boron atoms inside the icosahedron. All the 
inter-icosahedra bonds show two-center directional covalent bonding nature. Especially, different from 
the three-center type of bonding nature in the α-B, the δ bonds in the icosahedra sheets have the two-
center bonding nature and always form as a pair to the neighboring icosahedrons. The short bond 
length of such bonds, as compared to α-B, also indicates the strong interaction between the NN 
15 
 
icosahedra B12 in the icosahedra sheet structures. Furthermore, the distribution of the inter-icosahedra 
δ bonds in the icosahedra sheets depends on the environments of the icosahedra B12. More interesting 
finding is that these new icosahedra structures behave like semiconductor materials except the 
icosahedra α sheet which behaves like a gapless material. The high energy barriers between the stable 
icosahedra sheets indicate their relative stability and possible transition pathways could provide the 
information for experiment synthesis. 
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Table 1 Comparison of the structural properties of the icosahedra chain and sheets with the icosahedra 
B12 ball and α-B. The 1st column: the system notation; the 2nd column: the bond lengths between boron 
atoms inside the icosahedra B12, bintra; the 3rd column:  the bond lengths of the inter-icosahedra bonds, 
binter, where S and D in the parentheses denote the two types of the inter-icosahedra bonds (see their 
definitions in the text); the 4th column: the number of the single inter-icosahedra bonds per icosahedra 
B12, int
S
erN ; the 5
th column: the number of the pairs of the inter-icosahedra δ bonds per icosahedra B12, 
int
D
erN .  
System bintra (Å) binter (Å) 
int
S
erN  int
D
erN  
Icosahedra B
12
 1.61-1.75 NA NA NA 
α-B 1.73-1.80  1.67(S); 2.03 (D) 6 0 
Icosahedra chain 1.62-1.75 1.76 (S) 2 0 
Icosahedra 
sheets 
δ
6
 1.56-1.77 1.69 (S); 1.80 (D) 4  2 
α 1.56-1.77 (Type A) 
1.57-1.80 (Type B) 
1.59-1.79 (Type C) 
1.69 (S);  1.82 (D) (Type A) 
1.69-1.72 (S); 1.82 (D) (Type B) 
1.69-1.72 (S); 1.75 (D) (Type C) 
4 (Type A) 
3 (Type B) 
4 (Type C) 
2 (Type A) 
2 (Type B) 
1 (Type C) 
δ
4
 1.59-1.75 (Type A) 
1.59-1.80 (Type B) 
1.68 (S) (Type A) 
1.68 (S); 1.82 (D) (Type B) 
4 (Type A) 
2 (Type B) 
0 (Type A) 
2 (Type B) 
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Figure 1 
Figure 1 The schematic illustration of the structures for (a) the α-B, (b) the icosahedra chain, (c) the 
icosahedra δ6 sheet, (d) the icosahedra α sheet, and (e) the icosahedra δ4 sheet, respectively. The lattice 
vectors for each structure are denoted by the dashed arrows. The notations bintra, binter, and d in (a) 
indicate the bonds between boron atoms inside the icosahedra B12, the bonds between the nearest 
neighbor icosahedra B12 (referred as the single inter-icosahedra bond), and the distance between the 
next nearest neighbor icosahedra B12 (referred as the inter-icosahedra δ bond), respectively. Note that 
these parallel δ bonds in the α-B and the icosahedra sheets are perpendicular to the edges of the 
icosahedrons connected to the bonds. The capital letters in (d) and (e) indicate the different types of 
inter-icosahedra bonding nature (see the definitions in the context) for each icosahedra B12. 
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Figure 2 
 
Figure 2 The relative energy per atom (see the definition in the context) versus the ratio of the lattice 
constant a to that of the α-B at the equilibrium a0 for (a) the icosahedra chain, (b) the δ4 icosahedra 
sheet, (c) the α icosahedra sheet, and (d) the δ6 icosahedra sheet, respectively.  The corresponding DFT 
results are presented in the insets.  
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                                                                   Fig. 3 
Figure 3 The vibrational frequency densities of (a) the icosahedra chain, (b) the icosahedra δ4 sheet, (c) 
the icosahedra α sheet, and (d) the icosahedra δ6 sheet, respectively. 
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Figure 4 
Figure 4 (a) The pair-distribution functions of the icosahedra chain (black solid curve) and the 
icosahedra B12 (black dashed curve). (b) The angle-distribution functions of the icosahedra chain 
(black solid curve) and the icosahedra B12 (black dashed curve). The inset in (b) is the structure of the 
icosahedra chain. The peaks around 960 and 1280 degrees in the angel-distribution function of the 
icosahedra chain are indicated by the dashed arrows. 
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Figure 5 
 
Figure 5 (a) The pair-distribution functions of the icosahedra δ6 sheet (black solid curve), the 
icosahedra δ4 sheet (red dashed curve), the icosahedra α sheet (green dotted-dash curve), and the α-B 
(black dotted curve), respectively. (b) The pair-distribution functions of the icosahedra δ6 sheet (black 
solid curve), the icosahedra δ4 sheet (red dashed curve), the icosahedra α sheet (green dotted-dash 
curve), and the α-B (black dotted curve), respectively. Note that the peak around 900 degree in (b) 
represents the two-parallel inter-icosahedra δ bonds which are perpendicular to the edges of the 
icosahedra B12 (see Fig. 1 (a), (c)-(e)). 
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Figure 6 
Figure 6 The densities of states (DOS) of the icosahedra chain (a), the icosahedra δ4 sheet (b), the 
icosahedra α sheet (c), the icosahedra δ6 sheet (d), and the α-B (e), respectively. The Fermi energy is 
presented by the red dashed vertical line. 
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Figure 7 
 
Figure 7 The schematic illustration of (a) the transition from the icosahedra δ6 sheet (up) to the 
icosahedra α sheet (down), (b) the transition from the icosahedra δ6 sheet (up) to the icosahedra δ4 
sheet (down), (c) the transition from the icosahedra α sheet (up) to the icosahedra δ4 sheet (down), and 
(d) the energy barriers (numbers associated at peak of the black curves) of the transition from the 
icosahedra δ6 sheet to the icosahedra α/δ4 sheet and from the icosahedra α sheet to the icosahedra δ4 
sheet, respectively. The black circles in (a)-(c) denote the removed icosahedrons, and the black 
triangles in (c), denote the icosahedrons moved to the center of the hexagons indicated by the arrows.  
The numbers associated with the red lines in (d) are the relative cohesive energy per atom of the 
optimized icosahedra sheets to that of the icosahedra δ6 sheet.  
 
